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Exercise 5.1 Page No: 159

1. Prove that the function f(x) = 5x - 3 is continuous at x =0 at x =-3 and at x = 5.

Solution:
Given function is f(x) = 5x — 3

Continuity at x = 0,
lim 7 (x) =lim (5x-3)
=5(0)-3

=0-3

=-3

Again, f(0)=5(0)-3=0-3=-3

As hﬂﬂ f(x)=7(x) , therefore, f(x) is continuous at x = 0.
Continuity at x = -3,
fim Fl)=lm{3x=3) o o 5o 1g

And f(-3)=5(-3)-3=-18

As h—El fx)=7(x) , therefore, is continuous at x = -3
Continuity at x =5,

1}2:1 f[x] =1xig:é [51’—3]

-5 (5)—3 =22

And f(5) =5 (5) -3 =22

Therefore, lrigﬂi £(0)77(x) , SO, f(X) is continuous at x = -5.

2. Examine the continuity of the function f(x) = 2x?—=1 at x = 3.

Solution:
Given function f(x) = 2x> - 1

Check Continuity at x = 3,

lim f(x)=lim(2: -1)
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=2(3)"2-1=17

And f(3) =2(3)"2-1=17
lim fI:J:] =f|:.‘l.’J

Therefore, ==

f[x] =x—5
f[:.TJZ 1ligg{;':i
f(ﬁ.:l =" s veE—5
£(x)= =3
(a)
(b)
(c)
(d)
Solution:
f(x)

(a) Given function is
We know that,

li
Also observed that =

lim £(x)=7 (%)
AS’ X—= &
function.

(b) Given function is
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so f(x) is continuous at x = 3.

3.

, therefore, !

Examine the following functions for continuity:

is defined at every real number ’Eénd its value at #

m f(rj =lim (_1’—5] =k—-yv= f(ﬁc]

T
J IS continuous at every real number and it is a continuous

For any real number =% we have

lim f(x)=lim =

i

o
1
=

|
]
o
Lk
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lim () = £ (K)

AS, =k
Therefore, f(x) is continuous at every point of domain of f and it is a

continuous function.

xt =25

J:) = x=—5
(c) Given function x+5 is

For any real k==3 e get number,

. N XT—25 I:J:+5]I:J:—5]_ ) Sz
fim f() =lim — = =lim e =lim(x=3) =k

[

_(k+5)(k-5)
aa” T

—k-5

lim f(x)=f(k) x
As, , therefore, f() is continuous at every point of domain of 7 and itis a
continuous function.

F(x) =k

(d) Given function is

()

Domain of is real and infinite for all real x

Here fhj:h_i' is a modulus function.

As, every modulus function is continuous.

Therefore, f is continuous in its domain R.

R

4. Provelthat the function ¥ (=% is continuous at *=7 where 7 is a positive
integer.

Solution: Given function is 7 %)=~ "

lim Flx) =lim [1’”] =n"

where is a positive integer.

X=n Continuity at

R

And 7 (7)=7"
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lim fI:ﬁ.:I =fI:J;]

As, =i , therefore, f['ﬂ is continuous at *=71,

X
3. fx>1 function continuous at
if x=1 =0 gp ¥=L gp x=27

X
. . . . = ] -
Solution: Given function is S i x>l

x=0 We know that, f
Step 1: At is defined at 0 and its value 0.

lim fl:w.J =limx=0

Then =" f[:ljj =0

and

Therefore, f[x) is continuous at X=0

li ) =lim x)=1
Step 2: At x=1"1 eft Hand limit (LHL) of fm f(x) :1_}1311_[1]
li x}=1i _x
Right Hand limit (RHL) of / -2/ () =lim ()
Here 11_}131%}“!:1’] =lim flx)

Therefore, f(x) is not continuous at *=1,

Step 3: At *=2, /" is defined at 2 and its value at 2 is 5.

1&3:1 f[r)zlim[ijzi lim fI:J:J:fI:ZJ

¥l , therefore, !

Therefore, f[x) is not continuous at *=2

Find all points of discontinuity of /- where 7 is defined by:
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J’21’+3= x= 2 6.
xX|=
f ) |2x-3. x>»2
fl: ) J’21+3= if x=2
o —
Wy ; -}
Solution: Given function is |~'J‘ 3. if x>2 Here

- . — ¥ 2
f(x) is defined for *=2 or (~0.2) and also for =2 or (2.). Therefore, Domain of

f g (=22 o(2) =(=0%) __

c 2 =2y
Therefore, For all 2 f(x)=2x+3

X lfl:.ﬂ =2x—3

is a polynomial and hence continuous and for all

is a continuous and hence it is also
continuous on R — {2}.

lim f(.r] =lim (21’+3]

Now Left Hand limit = == =1 =2x2+3=7
fim £(x)=lim (2x—3

Right Hand limit = fm ) =lm(2x=3) _, 5 3l

o I )t 1 (5

mfli.r]

li .
Therefore, =2 does not exist and hence () is discontinuous at only x = 2.

Find all points of
|e|+3. if x=-3 discontinuity of £ where £
flx)=1-2x. if —3=x<3 is defined by:

Bx+ 2. if x=3

+3. i x=2

flx)=4 —2x, i x>2 7.
. . o Bx+2, if x=3
Solution: Given function is
A=) is defined for *=—3 or (~0.-3) and for 3 <x<3
. 3.0,
Here and also for *=7 or (3.)

Therfore, Domain of S s (=e.=3)w(=3.3) W (3.) =(—=e.0) =R
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Therfore, For all =< F(x)=pf+3==x+3 is a polynomial and hence continuous and for

1’[:—3 < i 3j=f[1’]=—21’

all is a continuous and a continuous function and also

for all X 3=f(1’):5x+2.

Therefore, f(x) is continuous on R — {-3, 3}.

And, x = -3 and x = 3 are partitioning points of domain R.

li x)=lim (|x]+3) =lim (—x+3)=3+3=6
Now, Left Hand Iimit:rl—]f:fl’f[ﬁ| 1—?'1*|1| ! :l_r;;'f—[ * j

Right Hand limit = lim f(x)=lim (=2x) =(=2)(-3) =6

And f(=3)=|3[+3=3+3=6
Therefore, f['ﬂ is continuous at *= "3,

li ¥l=lim|—2x|==2(3]=-6
Again,Left Hand limit = o ftlj xl—%“( xj ( J

lim f(x)=lim (6x+2)=6(3)+2=20
Right Hand limit = £ (%)= lim (6x+2)=6(3)

NEYEREYE

mf[x]

li .
Therefore, =3 does not exist and hence f(x) is discontinuous at only x = 3.

Find all points of discontinuity of f- where 7 is defined by:
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o
f(1J=JT if x=0
‘hll if x=0

Solution: Given function is
f(x) = |x|/x can also be defined as,

x -X

= e

x  if >0 and x if <0
= f(x)=1 if x>0 flx)=-1 if <0 and f(x)=0 if x=0

We get that, domain of f(x) isR as f(x) is defined for *> 0 ¥=0 gng x=0

.'l.’}[:', f[szl

For all is a constant function and continuous.

x =0 , f':ﬂ =-1

For all is a constant function and continuous.

Therefore £ (=) is continuous on R — {0}.

Now,

]-I x =].I —1 =—1
Left Hand limit = xl—f?-f(ﬂ xlﬂf-( )

].I X =]_I 1 =1
Right Hand limit = rl—%—f(ﬂ xl_}n:?-[ )

e, 79 i 10

ﬂ:l_f[n.]

1' -
Therefore, >0 does not exist and f(x) is discontinuous at only x = 0.
Find all points of discontinuity of /- where 7 is defined by:

9.
Ji if x= 10

=

‘—L if x=0

£(x)=

Solution: Given function is
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kl £ x20
.
lim = =—1
act=0 LuL =" ang (0=
RHL = i fF)="

As, LHL. =RH.L = /(0

Therefore, f['ﬂ is a continuous function.

Now,

lim = =-1=f(c)
for X=c=0 7 &

lim = fix
Therefore, e flil)

Therefore, f(x) is a continuous at *=¢ =0

Now, for *=¢>0 ii_?f—f(szlzf(':)

Therefore, f(x) is a continuous at *=¢ >0

Answer: The function is continuous at all points of its domain.

Find all points of discontinuity of /- where 7 is defined by:

10.
x4l ifx=1
x|=y .
f()hr+Lihﬁ1
Solution: Given function is
(x+1, i x=1
f(x) !

x|=4 .
I+l i x<l

We know that, f(x) being polynomial is continuous for = and *<! for il x€ R,
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Check Continuity at x = 1

L o m S () =lim (x4 1) =lim (14 +1) =2

Ly o lm S () =tim (1) =tim{(1-7)" +1) =2

And f(1)=2
As, LHL. =RH.L = /(1)

Therefore, f[x) is a continuous at *=1 for all *€ R.

Hence, £ () has no point of discontinuity.

Find all points of discontinuity of f- where ¥ is defined by:
11.

709 =3 ifx=2
xX|l=
P+l fx=2

Solution: Given function is
£(2) -3 if x=2
x|=5 .
¥+l i x>»2
_ lim (¥ -3)=8=3=5
Ate=2 LHL = T

lim (2 +1]=4+1=5
RH.L. = ="

f(2)=2-3=8-3=3
As, LHL =RH.L = /(2]

Therefore, f[x) is a continuous at * =2

wmc < lim(F-3)=c-3=1(c)

Now, for and
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lim(x +1)=c’+1= f(c)

m=f(.r]

li
Therefore, ==

This implies, f('TJ is a continuous for all *= R.

Hence the function has no point of discontinuity.
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Find all points of discontinuity of f- where 7 is defined by:

-1 ifx=l

f=l
12. l_.'l{ . if x=1
Solution: Given function is
J'x“ -1 i x=1

) =
7 L . if x>l

acx=b |, = im () =lim (¥ -1) =0
RHL = im/(x)=tim()=1
flzljzllz—l:[]

As, LHL. = RH.L.

Therefore, f[x) is discontinuous at *=1

Now, for *=¢ =1 lxii'é[xll:_l,]z':“_lzf(ﬁj

Therefore, (%) is a continuous for all *= R — {1}

and for *=¢=1 =

lim (' )=c = £(1)

Hence for all given function =1 is a point of discontinuity.

13. Is the function defined by

if =1
if x=11

a continuous function?
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f( J J’.T+5= if x=1
x|= .
Solution: Given function is |~'T_5= f x>l At
_ lim f(x)=lim (x+5)=6
*=LLHL = = lim £(x)=lim (x—
R.H.L. = ==I"

As, L.HL. = R.H.L.

Therefore, (%) is discontinuous at x=1
Now, for x=¢ <1

lim(x+5)=c+5=f(c) q
I an

for x=c>1 1}5(1’_5):':_5:4{(':)

Therefore, f(x) is a continuous for all x e R — {1} Hence
f(x) is not a continuous function.

Discuss the continuity of the function f, where fis defined by:

J’i if 0=<x=1

flx)=14, ifl<x<3
5 i oy

14. { if 3<x<10

Solution: Given function is
J’i if 0=x=1

f[:x:I— 4 if l=x=3
{i if 3=x=10

Ininterval, 0 =* =L J(x)=3

Therefore, s is continuous in this interval.
At x =1,

]'. X =3 ].. x =4
LHL = m()=3 rnL = s

As, L.H.L. = RH.L.

Therefore, f['ﬂ is discontinuous at x = 1.
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- — 11ﬂ_:'l_f x|=4 li vl=%
a3 Ll = BB e - )

As, L.HL. = RH.L.

Therefore, f(x) is discontinuous at x = 3
Hence, f is discontinuous at x =1 and x = 3.

Discuss the continuity of the function f, where f is defined by

JFEJ:: if x=0
f[:n:]=‘[]= if0=x=1
15, | dx, if x=1

Solution: Given function is
J’h; if x<0
if 0=x=1

f(x)=1o.
‘54_1.; if x=1

lim 2x=10 lim (0)=0
¥l Atx =0, L.H.L.= and R.H.L. = ==
As, LH.L. =R.H.L.

Therefore, f(x) is continuous at x = 0

lim (0)=0 lim (4x) = 4
Atx=1, LHL. = =T and R.H.L. = ==T

As, LH.L. # R.H.L.
Therefore, f(x) is discontinuous at x = 1. When x<0, f(x)

is a polynomial function and is continuous for all x < 0.
When X 1=f[_1:] =4x

It is being a polynomial function is continuous for all *>1. Hence,

x = 1 is a point of discontinuity.

Discuss the continuity of the function f, where f is defined by
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J'—l if x=-1

f[x): 2x, if —laox=l
5 .

16. L= if x=1

Solution: Given function is
J—l if x=-1

f[:x]— 2z, if —lex=l
{l if x=1

Atx=-1,

m fl:x)=—2

li lim
L.H.L. = #=r and R.H.L. = =17

As, L.H.L. =R.H.L.

Therefore, f(x) is continuous at *=—1

At x=1,

li x)=2
and RH.L. = rl—%f(ﬂ

mf(.rj=2

I
LH.L. = ==F
As, LH.L. =R.H.L.

Therefore, f(x) is continuous at x = 1.

17. Find the relationship between a and b so that the function f defined by
ac+1l  if x=3
(X)=1, .. .
b+l of x=3
is continuous at x =3

Solution: Given function is
fl: ]— ar+l if xx=3
Vb3, i x>3

Check Continuity at *=>:

lim f(x)=lim (ax+1)=lim {a(3-%) +1} =lim (3a—ah+1)=3a+1

a0 A=l
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lim f(x)=lim (bx+3)=lim {5(3+ ) +3} =lim (35 + bk +3) =35+3

Ao (3)=3a+1

lim 7 (x) =lim £(x)= £ (3)

Therefore, ==+

= 3b+3=3a+1

2
a—-b=—
= 3
18. For what value of 4 is the function defined by
Al =2x), if x=0
G =d ,
dx+1. if x=0

continuous at x = 0? What about continuity at x = 17?

Solution: Since (=) is continuous at x=0.
Therefore, L.H.L.

lim f(x)= f(0)=A(x*-2x)=4(0-0)=0

R.H.L

ang B/ ()= 7 (0) =4x+1=4%0+1=1

Here, L.H.L. # R.H.L.
This implies 0 = 1, which is not possible.

Again, f(x) is continuous at x = 1.

Therefore,

lim f ()= f(-1)=A(x* —2x)=A(1+2) =34

x—=l

A S () =7 (1) =4x+1=4x1+1=5

Letussay, L.H.L.=R.H.L.
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= 3i=5
5
A==
= 3
The value of is 3/5.

19. Show that the function defined by g(x)=x~[x] ig giscontinuous at all integral
points.

Here [1‘] denotes the greatest integer less than or equal to * Solution:
For any real number, X,

[I] denotes the fractional part or decimal part of x.
For example, [2.35]
=0.35

[-5.45] = 0.45
[2]=0
[-5] =0

()5 'T_['T] §= e is called the fractional part function.

The function g : R -> R defined by £
The domain of the fractional part function is the set R of all real numbers , and [0,
1) is the range of the set.

So, given function is discontinuous function.

¥)=x —sinx+5 . o
f(x) continuous at *=T 2

fl:ﬂ =x —sinx+5

20. Is the function

Solution: Given function is

Ly & lim (o —sinx+5) = lim | (7= )" —sin (7= 1)+ 5 | = 7' + 5

-

tim (x* —sinx+5) = lim | (7+7)" ~sin(7+7)+5 |= 7" +5
RHL. = =" Y r=e

And fl:"l'j =:"I: —sin T+35 =:.'1': +5
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Since LH.L.=RHL. =<7

Therefore, f is continuous at *=T

21. Discuss the continuity of the following functions:

(@) (b)

f[x] =sifn Xx+Cos X
f[x) =sin x—Cosx

f[x) =sin xX.COs X

(c) y

Solution: (a) Let “a@” be an arbitrary real number then
lim_f[xj :}l_in:’l‘f[a+h:l
Now,

; —1i i +h)+ +h
},E,%f(a-{_h) _._E}:ésml:a i) +cos(a+h)

lim(sinacos h+cosasin hi+cosacos h—singsin /)
= a-w

singcos+cosasin 0+ cosacos0 —singsin

{As cos 0 =1 andsin 0 =0}

_ sina+c05a:fI:aJ

Similarly,
lim £ (x) = £ (a)

lim fl:w.] =f|:c;r] =lim f|:1:|

Therefore, f(x) is continuous at x = a.

f[x] =sin x+cosx

As, “a” is an arbitrary real number, therefore, is continuous.

li =i +h
(b) Let “a@” be an arbitrary real number then xl—?aﬂ‘f[xj E«‘ﬂa )
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Now,

limsin [a+h]—coﬁ[a—h]
}li_%f(a +h) ="

1_imI:5ina|:05 h+cosasin h—cosacos h—sinasin h]
=0

— singcos0+cosasin 0—cosacos( —sin asin ()
—sina+0—cosa—"0

_ sina—cosa= fl:cz]

f(x)=fl(a)

o lim
Similarly, ==«

lim f(x)=f(a)=lim f(x)

Therefore, f(x) is continuous at x = a.

fl:x] =sifl Xx—COs X

Since, “a@” is an arbitrary real number, therefore,

li = li +h
(c) Let “a@” be an arbitrary real number then xl—f'f(xj J"El«‘f[a )

Now, lim f(a + h) = lgﬂsin[a+hj_c05[a+ h)

llinz}‘lziinacaﬁ hi+cos asin Px) [:-CDE:ICDE h—sinasin Px)
= k=D

_ [sin acosl+ cosasin Dj I:ccrsaccrs J—=sin asin Dj

_ [sin a+0][c05a—0]

— sina_cuﬁa:f[aj

m f(x)=f(a)

o li
Similarly, ==&

lim f(x)=f(a)=lim f(x)

I—a

Therefore, f(x) is continuous at x = a.

iS continuous.
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f[x) =sin xX.COs X

Since, “a@” is an arbitrary real number, therefore, IS continuous.

22. Discuss the continuity of cosine, cosecant, secant and cotangent functions.

Solution:

Continuity of cosine:
Let say “a” be an arbitrary real number then

lim fl:'cj = lim cosx = lim cos I:a+fi]
X—a X—a =y

lim [casa cos fi—sin asin rj

Which implies, #=¢

cosalimecos h—sinalimsin &
= A= A=

cosaxl—sinax CDSH:f[{IJ -

lim f[szf[aj

=2 forall 4= R
Therefore, f(x) is continuous at x = a.

Since, “a@” is an arbitrary real number, therefore, 95X js continuous.

Continuity of cosecant:

Let say “a” be an arbitrary real number then

flx)=cosec x= Il
sin X gnd
domain * =R () %€ |
, 1 1
lim =

—asinx 1}35111 (a+h)

1

l_im[sin acos h+cosasin r]
= A=l

1

= sinacos)+cosasin ()
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1
_ sina(l]+casa[0]
~_- f(a)
= sing

Therefore, f(x) is continuous at x = a.

=COosec X

. . . x . .
Since, “a@” is an arbitrary real number, therefore, f(x) IS continuous.

Continuity of secant:

[{pegt)

Let say “a” be an arbitrary real number

1 then

T
flx)=sec x= x=R—(2x+1)—.xc
() cos X and domain ( ) 2
. 1 1 I
lim =—
=2 COS X 1}3:’1‘ CDS(H+JT’E‘J

1

lim(cosacos h—sinasin /)
=

1

cosacosJ—sinasin 0

I 1
cosa(l)—sina(0) ——=f(a

= cosa =

Therefore, f(x) is continuous at x = a.

fl:ﬁl] =sec x

Since, “@” is an arbitrary real number, therefore, is continuous.

Continuity of cotangent:

Let say “a

be an arbitrary real number then
1’=R—|:1’}'IJ=.'I.’E

fI:ﬁ.] =cot x=
tanx gnd domain -

lim ! = !
=3 tan x 1iqtm(a+h]

= I
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] 1
{tanag+tan k| tana + 0

lim

_ S\ 1-tamatan 1) Ttanatas0 -

1-0 1

= tana tan a =

Therefore, f(x) is continuous at x = a.

f[x] =cot x

Since, “@” is an arbitrary real number, therefore, IS continuous.

Fx)= if x<0

Jsinx

x
23. Find all points of discontinuity of f- where x+lf if 20 .

Solution: Given function is
J’ sin x
f(x)

=% X
|:"f+1= if x=0

it x<0

AtX:O’

Hm_f(-'f):lim_wzl
LHL — =0 o —h
RH.L = lim f(x)=lim (x+1)=0+1=1
f(0)=1

Therefore,  is continuous at *=0-

sin x

When *<0:518% ganq x are continuous, then X is also continuous.

X D=f[.1'): x+1

When is a polynomial, then f is continuous.

Therefore, f is continuous at any point.
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24. Determine if / defined by

mei if x=0
fl:x]= x
{ 0, if x=0

is a continuous function.
Solution:

Given function is:
Jf sinl. i x=0

f[x) = x
[ 0, if x=0

lim f(x)=lim " sin 1
= x— x

As we know, sin(1/x) lies between -1 and 1, so the value of sin 1/x be any integer, say m, we
have

lim f(x)=lim " sin 1
= x— x
=0xm
=0
And, f(0) =0

lim f(.rj =f([:l]

Since, =0 " therefore, the function f is continuous at *=0-

25. Examine the continuity of f, where f is defined by
f( J— sinx—cosx,  if x=0
K ] if x=0

Solution:
Given function is
sinx—cosx, if x=0

f('ﬂ:{—lz if x=0

Find Left hand and right land limits at x =0.
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lim () =lim (0~ ) =lim f (~F)

Atx =0, L.H.L. = ==¢
— Eﬂi1n(—hj+c05[—h] Eﬂ(_ﬁm fi+cos hj:—[] +1=1 _
i = ()=l (0+7) =l 71

1_iqﬂn(hj+cas(h] 1_irq(5in fi+cos hj=0+1=1

And f(0) = 1

Therefore, fim /f (x)=lim f(x) = £ (0)

Therefore, f(x) is discontinuous at x = 0.

Find the values of k so that the function f is continuous at the indicated point in
Exercise 26 to 29.

kcosx . T
. if x=—
fl:-Tj= T—2x i-
3 if x== =X
26. Zat 2
Solution:
Given function is
fkcosx . T
e if x;tE
T—2x
F(2)= .
3. if x=2=
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X#E—

v | 5

This implies,

T
x=—+h
Puting 2  where 7 —10

Iccm‘: z +h
lim :

m

A=

. —ksinh
lim
= =0 -2p
k .. sinh
—xlim
= 2 =
E
=2 ... (1)
()
f| ? =3
And W2 2)
i
_ x=—
f[x] = h Y. - - —
when = [Given] As we know, f(x) is continuous at x= T1/2.

)
lim £(x)=7| 3 J

-

From equation (1) and equation (2), we have

=3

k|
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k=6
Therefore, the value of k is 6.

if x=2
o7 if x=2 at x=2.

Solution:
Given function is

if x=2
if x=2

This implies,

lim f(x)
when k=3/4, then *=*

k=
. . ]
is continuous at *= <= when

/()

if x=7

f(x)
28.

{fcx+1=

oS X, if x=m1

Solution:
Given function is:

e+l if x<7
f(x)
Cos X,

if x=m

at x=7mT

=lim f (2-7)=lim > (2= )" =3

3
4 .

WWW.edllgl'OOSS.COI[l
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lim f(x)=lim f{7+h)=limcos(T+h)=—cosh=—cos0=-1 and

}im_f[x] =lim f(7—x)=limcos(7—h)=—cosh=—cos0 =-1 Again,

lim f[:'cj =1_iq(kﬂ+lj

As given function is continuous at *= T, we have

lim_f(x] = lim_f(x] =lim f(x]

=5 o 3 ==

= kr+l=-1

= kor=-2

29.
Solution:

Given function is

()= e+l if x<5
713x=5. if x>5

When x<

When x >
Now

E—3

= 10+3h=10+3x0=10

X—2

F(53)=5k+1=3(5+h)

-5

lim £(x)=lim f(5+4)=15+3k-%

lim f(x)=lim f(5—h)=k(5—h)+1=5k—nk+1=5k+1

. A polynomial is continuous at each point x < 5.

. A polynomial is continuous at each point x > 5.
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Since function is continuous, therefore, both the equations are equal,

Equate both the equations and find the value of k,

30. Find the values of a and b such that the function defined by
J’ 5, if x<2
f[:x]= ac+d, if 2<x<10
5 :
{ 21, if x=10 is
a continuous function.

Solution:
Given function is:

J’ 5, if x<2
f(x) =<ax+b, if 2ox<l0

{ 21, if x210
For x < 2 ; function is f(x) =5 ; which is a constant.
Function is continuous.
For 2 < x < 10; function f(x) = ax + b; a polynomial.
Function is continuous.

For x > 10; function is f(X) =21; which is a constant.

Function is continuous.
Now, for continuity at *==:

i £(<)= i 79 =7 2
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x=10, lim flx)=lim f(x)=7(10)

For continuity at ~ e

_, lim(21)=lim {a(10~A)+ b =21

= 10a+b=21 2)
Solving equation (1) and equation (2), we get a
=2andb=1.

31. Show that the function defined by f(x) = cos (x?) is a continuous function.
Solution: Given

function is :

f(x) = cos (x?)

Let g(x) = cos x and h(x) = x?, then

goh(x) = g(h(x))

=9g(x?)

= cos (x?)

=f(x)

This implies, goh(x) = f(x) Now,

g(x) = cos x is continuous and

h(x) = x? (a polynomial)

[We know that, if two functions are continuous then their composition is also continuous]
So, goh(x) is also continuous.

Thus f(x) is continuous.

32. Show that the function defined by f(x) = |cos x| is a continuous function.

Solution: Given function is
f(x) = |cos x|
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f(x) is a real and finite for all x e R and Domain of f(x) is R.

Let g[x:l: cosX r[x] :|J:|

Here, g(x) and h(x) are cosine function and modulus function are continuous for all real x.

A (1 R r ,‘= i
Now, (goh)x gtﬁ(ln gl‘-llh cos | is also is continuous being a composite function of two

continuous functions, but not equal to f(x).

Again, (hog)x=h [g[_t]}= hicosx) = |c05:c| = f(x) [Using given]

Therefore, f(x) :|':DSI|:(“'DE)I is composite function of two continuous functions is
continuous.

sin |1‘|

33. Examine that is a continuous function.

Solution:
Lot /(=K g 2)=sinbl
(20f) x=2 (£ (%)} = () =sin]

. . . g0 . .
Now, f and g are continuous, so their composite, I:"’ fj is also continuous.

5in|.1‘|

Therefore, is continuous.

34. Find all points of discontinuity of f defined by f(x) = |x| - |[x +1] Solution:

When x < - ) ==~{~(x+]} _xprs1-1 1: _

function is

1<l . fl:ﬂ =—x—(x+1)=-2x-1

cz0, . flx)=x-(x+1)=1

So, we have a function as:
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1, if xa-1
f[x): —2x-1, if =-1=x<0
-1, if x=0

Check the continuity at x =-1,x =0

__ lim x|=lm l=1
At x=-1, L.HL. = ==T f( j =1

L < Jim £(x)=lim (2x-1)=1

Ang /(-1 =-2x1-1=1

Therefore, at x=-1 f(xj iS continuous.

_ li =1 —2x-11=-1 : - —11=-—
ac¥=0 UL = BB =in and RH.L, =~ (x)=lim (1) =1
And £ (0)="1

Therefore, at x = 0, f(x) is continuous.

There is no point of discontinuity.

Exercise 5.2 Page No: 166

Differentiate the functions with respect to x in Exercise 1 to
sin (x” + 5| 8.
] _].'=5iﬂ[§x*1+5~] 1.
Solution: Let : ’

Apply derivative both the sides with respect to x.

D cos(@+5) L (2 +5)
dx. Y r d.x_ Y A

_ cos [:x: +5:] (2x+0)
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_ 2xcos(x* +5)

I:DEI:iiﬂ x] 2
Solution: Let ¥ =cos(sinx)
Apply derivative both the sides with respect to x.

ﬂll.'

— = —sin(Sin x)asinx

_ —sin I:5in xII cosx

51'nI:c1x+E::I
Solution: Let y=sin(a@+5)

Apply derivative both the sides with respect to x.
v d
— = +b)—(ax+b
CDEI:CIX' J I:czx J

_ ca:‘.[:m:+E::| I:c;r+|:l:l acnﬁ[ax+ E::l

sec [:tan \.'E|
1'=5ec[:tan 'u’gf]

Solution: Let - !

Apply derivative both the sides with respect to x.

dv . . . v g i -
E_ Eec[.tan\f:_c’]tan[.tan&fjﬂec \&dr(

- " ¢ " 1_
ﬂec[tﬂn\E]tan[tanﬁ]ﬁec: JJ_E.%XT :
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_ sec [tan \E] tan [tan JJ_C..]SEC: \.'{; EjE

sin (ax+5)
cos[r:;r+a’]

sin(ax+b)

= coﬁ(c_r+a’j

Solution: Let
Using quotient rule,

cos [Zc::c+a’] %’:‘dﬂ [ax+ EJ] —sin [m+bjic&s |:r::r:+ a’]

- cos” I:cx+a’]

B8

cos(cx+d)cos(ax+b) i[axhﬁj —sin(ax+b) {—Siﬂ [cx+a’j} i(cx+a’j

cos” I:cx+a’]

cos(ex+d)cos(ax+b)(a)+sin(ac+b)sin(cx+d)(c)
cos” (r;r+a’]

cos ¥ sin’ [x]

6.

_ v=rcosx sin’ (x|
Solution: Let S
Apply derivative both the sides with respect to x.

b CDSJ{.‘;iﬁiﬂ: [§xj~]+51'n:[fx5~]£cc+5x:
dx dxl. \ 7 \ .-'dx.

cosx . 2sin [f]i sin [1“ |+ sin® [x”] [§—5in:c3~]ix':

_ cosx’ 2sin(x Jeos (x| (5x* ) —sin? (2 )sin oF 3

_ 10x* cosx sin (2 Jcos (x| =37 sin® (2 )sin
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I,IIcat[:x;j] 7.
. y= I,IIccrs[ax;‘]
Solution: Let L

Apply derivative both the sides with respect to x.

Y _ 5 L2
= E_Etcnt[x‘f]} — cot| x” |
1 I 'l 2
—————.|—Cosec|x _I} —x
cot[_x‘] - Vdx

! J_cosec [ixzjl}[lx]

_ yjcot [f] t
—Ixcuiec[:x::]
_ o afeot(F)
caﬁ[:ﬁj g
'=C05[:\|'E:]

1
Solution: Let ~

Apply derivative both the sides with respect to x.
D _ga il
a0 v dx v

o~ 1, 2 =sinafx
R S R

9. Prove that the / given by f(x)=p—1|.xeR
flx)=]x—1]

function Solution:

Given function:

£(1)=h-1]=0
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(1) =tig T
Right hand limit: = h

ump+hf”_0

— A=l I

L
lim—  lim—
— A= 1 =¥ R — 1

and Left hand limit;

fA-R) = (1)

f'(1)=lim .
i —H

qu—niﬂ—ﬂ

= a3 —¥l
uq:ﬂ

= =Y —h
lim — =1

= = h

Right hand limit # Left hand limit
Therefore, f(x) is not differentiable at x = 1.

is not differentiable at x = 1.
10. Prove that the greatest integer function defined by

F(x)=[x].0 52<3 is not differentiable at x =1 and x = 2

Solution: Given function is

f[x] =|:x]=l:I < x< 3

Right hand limit:
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£'(1) =lim SR = A
A=l _h-
ump—M—l
- A=l _h_
i 27
= A=l o —

Right hand limit # Left hand limit Therefore,
flx)=[+ is not differentiable at x = 1.

In same way, £ (x)=1x)ig not differentiable at x = 2.

Exercise 5.3 Page No: 169

dy
Finddx in the following Exercise 1 to 15.

1 Ix+3v=sinx

. . . . R
Solution: Given function is *T3¥ =sinx

Derivate function with respect to x, we have
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4
dx

2+3-—=cosx
e

d
2x)|+—(3y|=—si
[ x) [1) airimx

3—=cosx—2
e

dv  cosx—2

fris 3
2 Ix+3yv=siny

H H . .7 ' —oa ,
Solution: Given function is <% *3¥ =sin}

Derivate function with respect to x, we have

i[lx]+ilz3}j =£5in}'

[ )

av

& cosy—3

g ax+ b’ =cosy

Solution: Given function is @+ =cosy
Derivate function with respect to x, we have

d d

= (ax) + E[Ew:] = icas ¥

ﬂll.'

day .
a+bly—=—-siny—

2hy—+4siny—=—a
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- ﬁI:EE:IJ;+ siny)=—a
ax

dy —-a

dx  2by+siny

4 xy+ _:L': =tanx+ v

Solution: Given function is ¥ T =tanx+y
Derivate function with respect to x, we have

d d, . d d
— () +—(y | =—tanx+—y

dx dx
d ay 2, Y
¥x—y+y—x+2ly—=sec x+—
dx
[Solving first term using Product Rule]

i dy QY
¥x—+yv+lv—=secx+—
dx

dy dv _dy 2

¥—+2ly———=sec x—yV

dx dv dx

I:‘(+2L—1:|£=EECJI—}'
dx

dv secTx—v

dx  x+2v-1

5 x + v+ =100

Solution: Given function is * T +»" =100

Derivate function with respect to x, we have
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(x+ 2}') —==-2x-y

¥ +xv+xnt+) =81 6
Solution: Given function is * T* ¥ %7 +1 =8l

Derivate function with respect to x, we have

;,d 5 d ., d s d
—x+—xy+—x +—y =—1_8I1
dx dx ax

2 [ ady d ) d 2 2 6y
X"+ X —+y—x JI+x—"1; +y —x+3y —=0
Lode Code ] dr e (using product rule)

G'LI.'

3 3l alL. atLl 3l 3
x4 —4vIx+xdv—+ 1+ —=—=10

% ['c‘ +2x+3y° ] =-3x" 2"

@ (3% +20+)7

de o +2a+377

7 sin” v4+cosxp=J0

Solution: Given function js 1" ¥ Tcos =71

Derivate function with respect to x, we have

E(sin _:L'J: +ic051}' =

d
< ()



WWW.edllgl'OOSS.COI[l

EDUGROSS

WISDOMISING KNOWLEDGE

Z2sin v—sin y—sin xy— I:.'K.'LJ =0
ax

dy O dy )
Zsin ycos y— —sinxy| x—4+v.l =0
dx . dx J
sin2v——xsinxy——vsinxy =0
dx
(sin 2y —xsinxy)— = ysinxy
dv Vsin xy

dx sin2y—xsinxy

8 sin x+cos” vy =1

Solution: Given function is sin” x+cos” x=1
Derivate function with respect to x, we have

.y d . 5 d
_mnxaim x+2cosy—cosy=0

{ v
L —siny— =10

2sin xc05x+2c05}"
sin 2x—sin2y—=10

—sin 2y —=—sin2x

dv  sinlx

dx sinly

. af 2x H".
1 =511 —_—

9 . !~L1+x‘}

Solution: Given function is

_af 2x )

v =sin .
i 1+t
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Step 1: Simplify the given function,
Put x=tanf e have

_1!.-" Etﬂ.ﬂg \'.

\1+tan’8 )

Vv =sin

_ sin” (sin 28) =28

Result in terms of x, we get

v 1 2
dv  1+x 1+

-1t 3'_'.{' xk‘ —1
1 =tan

10. NEEr .f

Solution: Given function is

Step 1: Simplify the given function,

L 3tan 8 —tan’ @)
. 1-3tan’° 8

A

Vv =tan

v=tan" (tan 38) =36

Result in terms of x, we get
v=3tan " x

Step 2: Derivative the function

v 1 3
de  1+x  1+x

1=
.1+J..J,l

V=rCos D-::x-::l

11.
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Solution: Given function is
M=
}':cos_l_ = . 0=xal
1+
Step 1: Simplify the given function,

put x=tan&

2 1-tan? @)
:_L'='C'D‘5 | B
i_‘_1+tﬂ.ﬂ SJ,I
1

cos” (cos26) 2 Jtan™ x _

Step 2: Derivative the function

@ . 1 2
de 1ex 1ex

~ o
1=
v=sin 1_ = 0=x=l
i\_1+f_},l

12.

Solution: Given function is
Step 1: Simplify the given function,

Put x=tan &
-1 l—tﬂ.ﬂlgn
v =sin -
’ A+tan” &
_ sin (cos28)
’ AR,
sin”'sin| 228 |=2-28
2 J 2
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Step 2: Derivative the function

v 1 -2
A B el
ax 1+x"  1+x" (Derivative of a constant is always revert a value zero)
f 2x 0
J.'=+:05_1 _x L —lex=<l
W+t )
£ o2 )
}':cm_l _x l—-lox=1
1+
13.
Solution: Given function is Step 1: Simplify the
given function,
Put x=tan &
-1 ;f 2tan @ “".
y=cos ———
d+tan* 8 )
_ CGE_II:I:G:'.IEJ':I
(i Vo
cos cnﬁ;?—lﬁ‘j:?—lﬁ'
E—Zt;an'l
= 2
Step 2: Derivative the function
1 |
QZD_Z-L}: h:
dx l+x 1+x" (Derivative of a constant is zero)

J.'=5iﬂ'1 2afl—-x |, —==wx=—=
PR A
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y=sin | 21— ];% <x< %

Solution: Given function is

Step 1: Simplify the given function,

pPut x=siné
y=sin”(2sin 81 —sin 8|
sin™ [.Esin G~fcos’ SI]

_ sin™ I:lsin Frcos 5‘]

_ sin”(sin 26) =28 = 2sin” x

Step 2: Derivative the function

-1:f 1 \".D{ {1
v=set | ———0 | Dex<c—
: 2 1) J2 15
v=51:|:_1'|f—1 W'D-c:‘c-::i
g 2 -1) T 2

Solution: Given function is

Step 1: Simplify the given function,

Put x=cos#
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-1if 1 “1
V=y=sec ————
\2cos”8-1)
y=sec” :f;\l
- \ cos28 )

sec” I:5ec 2 5‘)

-1
— 28 =2cos" x

Step 2: Derivative the function

Exercise 5.4 Page No: 174
Differentiate the functions with respect to x in Exercise 1 to 10.

gx
1. sinx

V=-
Solution: Let 5N

Differentiate the functions with respect to x, we get

' X X .
ﬂr'l.' SN X—e —¢ —SInx
] dx dx

—

x sin” x
[Using quotient rule]

sin xe —e cosx

P
= in x

. (sin x—cosx]

E |1
= in x
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,_ & x
Solution: Let + = ¢

Differentiate the functions with respect to x, we get

a.,tl" sntx d . -1
— =g . —5n X

ax ax

N X 1

=3
- l_x

el An  fio o

[. Ee =e = f[x]:|
3 ¢

Solution: Let ¥=¢ e =

Differentiate the functions with respect to x, we get

sin ['tan'1 g~* ]
. ¥ =sin [Jtan_1 4
Solution: Let : g
Differentiate the functions with respect to x, we get

i =cos (tan'l e ] i [§1:.?111'1 e'x‘]
dx. Y s d’: Y 4
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i3] meon £ 70

1 d

cos [ftem'1 e ] ———e"
_ 14(e) dx
d 1 4
—tan” f(x)= s—f(x)
{ (f(x)) @
f 1 _-x 1 —-x d _
B c05[‘tan e +€_:xe a( _‘c)

e cos ['tan_1 g ]

= 1+E_1:

log [:CDEEx ]

—lug[cage ]
Solution: Let *

www.edugl'ooss.com

Differentiate the functions with respect to x, we get

a1 d

dx cose dx'

— CDSE‘ ;

—(tan &* | " = —&" (tan &° |

Solution: Let -

Define the given functlon for 5 terms

Letussay,y—é‘ +6" +6" +&° +¢é°

= —[casg ] [ ilagflzxj=

maﬂ:xﬂ

1 d P =—sin :.ci x
[—51ne ]ae [ ECOSfIZIJ— f': de_flz J:|

Differentiate the functions with respect to x, we get

& _d . dgs d s d

et et
dx dx dx

dx  dx  dx
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— e +e’ Qx+e” 3 +ef A +e" 5

— & +2xe” +3x%" +4x " +555 6"

3
Jev xz=( 7
I Y
Solution: Let & = ¥¢
1
[gwE'll
- ory=

Differentiate the functions with respect to x, we get

log I:lﬂg x:|=x:=- 1

Solution: Let ¥ =1°g (log x|

Differentiate the functions with respect to x, we get
dy 1 d
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1 1 1

— lagx-x_ xlog x

CO5X

Lx=(
log x 9.

CO5X
V=

Solution: Let ~ logx
Differentiate the functions with respect to x, we get

& log xé [:CDE x] —cos xé I:lag x]

dx [lng x]:

[By quotient rule]

1

lugx(—sinx]—cuﬂx—

i x
(logx)

-

— sinxlog x+ J
b £

cosx |

[log x:I:

—( xsin xlog x+ cos x]

x|:1 og x]:

cos(logx+e* ). x>0
v =cos [chrg x+e ]
10.

Solution: Let

Differentiate the functions with respect to x, we get

ﬂ = —sifn ['lcrg x+a x]i ['lcrg x+et |
cix \ r dx \ E

i
—sin{log x+e" ]I —+e
= ’ CAX

P
| 1 b f x
—te JI5111 [‘lugx+e ]
=X y
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Exercise 5.5 Page No: 178

Differentiate the functions with respect to x in Exercise 1 to 5.

cos xcos2xcos3x 1

. L )
Solution: Let ¥ =¢osxcosdxcos3x

Taking logs on both sides, we get
log v =log I:CDS xcoslxcos ?rle

— log cosx+logcos 2x+log cos 3x

Now,
ilog V= ilog cos x+£10g cos 2x+£10g cos3x
dx dx dx dx
1 dv d
——= —cosx+ —coslx+ —cos3x
V dx cosxdx cos2x dx Cos 3x dx
lﬂ: (—sin x)+ (—sin 2xj|£2x+ —sin 3xji3x
Vv dx cosx cos2x cos3x dx
lﬂ = —tan x—(tan 2x) 2—tan 3x(3)
v odx
-ﬂrl'
—= —}'I:tan x+2tan 2x+3tan 3.":)
dx
af-L.
— =—C05 xCc0s 2X COos 3x(tan x+2tan 2x+3tan 3.‘{)
ax [using value of y]

J [x—l][x—l)
I:x—3][x—4][x—5] 5
.=\[ (x-1)(x—2)

I:x—?r] I:x—4] I:x—ij

Solution: Let
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1

(x—l)(x—l] H‘.E
G395

Taking logs on both sides, we get

-

log v :%[lug (x—]] +log (x— 2:1 —log (x— 3) —log (x—4] —log (x—i]:l

: d i(x—ﬂ—ii(x—s)]
x—1 e x—2 x—3 dx x—4 dx x—35dx

N B 4 Al
x-1 x-2 x-3 =x—4 x—5:|

[a—
_..ﬁ_____
)
]
I
[
S
L)
-
I
2
[t
1
s
[
-
[

[using the value of y]

I:l Dg xj CoEX

Solution: Let r= (lag xJ

Taking logs on both sides, we get

log v =log I:1 og x]':m =cos xlog [lcrg x]

ilng y= i[cusxlc}g (Iog x]:l

1 dy d d

——=cosx—log(log x)+log(log x| —cosx

 dx d [By Product rule]
%%=cosxlogxi(log_‘cj +log(log x)(—sinx)

ldv cosx 1

A _COSE 1 inxlog(log:

T Togx logx sin xlog (log x)
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v Cos X
=7 —sin xlog(log x

log x

I:l og x]max [fﬂﬁx—siﬂxlog [long:|
- ogx
. 23’:‘.: 4.
=y — 23".'".1

Solution: Let -
u=x’"“ and v=23:‘:x

log u=log x* =xlog x
d d

—logu =—/| xlog x
—logu=—(xlog x]

1du

i

1 du
——=1+logx
u dx

E=z.sI:1+1t:+gx)

%= x I:1+1c+gx:I

Again, ¥=2*

arv_ 'ﬂr ~ Enx
dx e

&,

v

= =2 g2 isiﬂx [
Fris dhx

Put

d d
——=x—logx+log x—x
dx dx

d

flzl = g™ lagaé f I:x]:|

_a "-I.' °
dx

www.edugrooss.com
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av

2 = 2% (10g 2).cos x= cos x.2° log 2
= (log2) g

Put the values from (2) and (3) in (1),

=x*(1+log x) —cosx.2%log 2

B |8

g (x+ 3) (x+4) (x+5)°
Solution: Let y=(x+3) (x+4) (x+5)°

Taking logs on both sides, we get

log v=2log I:x+ 3:] +3log [:x+ 4] +4log I:x+ 5]4

Now,

ilog v =IilugI:x+3]+3£10g[x+4]+4£10gI:x+5)

www.edugl'ooss.com

x+ 35 dx

lﬁ:: ! i(x+3)+3L£[x+4j+4L—

vedx x+3dx x+4 dx

1 dv 2 3 4

== + +

vdr x+3 x+4 x+5

d_ (2 3 40

—=Y¥ + +

de Tl x+3 x+4 x+5)

&y 2 3 i 2 3 4 0

& (a+3) (a4 (x3) | |
Lx+3 x+4 x+35)

(using value of y)

Differentiate the functions with respect to * in
Exercise 6 to 11.

{ lwlx iex— |
| X+t
LooX

w1 | e
M

i ]_H'Ix ;?x— \' 6
yv=x+—| +x
- ! x)

e

Solution: Let
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o1y

;_X.'+— =i Ix—%;
Put - " and ¥ "=V
V=it
afl.'_a'u_l_a’v
de de oax (1)

f 1Y

U= x+—

Now . *

1 du 1 47 1) 71
——=x——=— x+— tlog x+—|.1
udc [ 1yaxl” x) T\
| X —
. er
Lau _ ! '!fx ! k‘+10 :fx+ i1
udx i 134 x‘J g'k x)'
| xt—}|"
. x.-'r
du x -1 [ 1
—=u| — log| x+—
dx = +1 o ox)
:" YVt — f A
| x+lJ x1—1+10g; x+lJ
v ox) [x 1l L X 2)

Again v=1x

it |

A

1 | ‘\I
logv=log x> * = x+— |logx
I\- x

ldv [ 111 =10
—-—= x+—  —+logx, —
vade || x) x -,Lx‘J

x\.  x) x

av [1;” 1 1 }
—=Vv|—| x+— ——logx



EDUGROSS

WISDOMISING KNOWLEDGE

Put the values from (2) and (3) in (1),

@ _( 1‘1[ -1 1‘1} ~+1[1;"
—" —+10g]x+ +x- ¥

'1. x;}

7 (log xjx + X

logx
Solution: Let [lnng T
v _du dv
dx dx dx (1)

Now %= [lag x]x

logu =log [log x]x =xlog [lng x]

ilog = i[xlug I:lcrg x]:l

19 Lt st

ldu 1 4
— —logx+log(log x).1
wdc lngxabc g g[ i J

1 du 1 1
——=x —+log(log x)
u dx log xx

+log(log x]:|

log x

B &

- (g’ |

+log(log x)j|

log x

Again v=x%"

log v=log x'=* =log x.log x = [lngx]:

X

R i
= 4TV where

www.edugl'ooss.com

1‘-.

)

! lc:gx:|

=(logx)’ and v= ¥
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E—v! xl{}g xﬂ}zx = —log x
ﬁ =2x"¥og x
& (3)

Put the values from (2) and (3) in (1),

— =(log x]x |:L +log (log x]j| +2x% og x

dx log x
- | 1+1 log(l .

ﬁ = (log x]“ [ 0¥ og[ °¢ xj}+2xbg“_l log x

dx log x

d.]" x-1 L 1)05:—1

Ez(lngx] [1+10gx10g (lagx]’]+2 =logx
3 I:sin x]x+5in_1«.E

Solution: Let y=(sinx) +sin ol = utv S where
dy _du  dv u=(sinx) 4 v=sinTofx
dc dvodx g (1)
Now % =[51n x]x

logu =log [5in x]x = xlog [:iiﬂ x]

ilﬂg U= i[_‘clog [siﬂ 'c):l

é% :xi[lag (Ein x):l +log (sin x) ix
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1 du 1 4 . .
——=x———sinx+log(sinx).1

u dx sin x dx

1 du . .
——=x——-cosx+log [511:1] =xcotx+logsinx
u dx sin x

ﬁ = u[xcnt x+logsin x]
dx

E=I:5irt_:|c)x[_1:+:|:n+t_:c+1|;:rgsin_x:]
.......... (2)
Again v=sinT ofx
log v=logsin~~fx
dv 1 d d 1 Fr)
LA SN A N RS S T
dx . . 1
1-(V%) s 1~(/ (=)
ﬂ_ 1 1
dx Al-x 24
1
- W f1—x
1
= Wx—x . (3)
Put the values from (2) and (3) in (1),
a_ sinx) xcot x+logsin x|+
dx (sinx) | ] 2fx—x*

X +(sin x]':m 9,
L v=x""+(sin x]ﬂx
Solution: Let
Hzxs'r.x and v:[:imx] we get }'=u+v Put
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dv du dv
de  dx dx (1)

Now #=""
logu =log x™*  sinxlogx _

d

alog i =£ I:5in xlog x)

lde . d d .

——=sinx—logx+logx—sinx

u dx dx dx

Lau _ sin x 1 +log x(cosx)

u dx x _

du [sinx 3

—=u +cosxlog x

U x J

du 5't'.xir sin x “'I-
—=x +cos xlog x |

& = Ux )
Again v=sin x|

logv=log(sinx)"  cos xlogsinx _

ilc}g V= i [cmxlc}g [sin x:l:l

1 dv d . . d

—— =cosx—logsin x+logsin x—cosx
v dx dx ax

1 dv d | : .

- — =cosx———sinx+log 51n.‘c(—51n x]
v dx sin x dx

1 dv . .

— — =cotx cosx—sin xlogsin x

v dx

v : .
= = vI:cot xccos x—sin xlogsin x]
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av

—= (sin x]mx (cot x.cosx—sin xlog sinx:l
(using value of v) .......... (3)

Put values from (2) and (3) in (1),

ﬂ:l.' iy .!f 5in x N . COEX . .
E =x | +cos xlog x +[:51ﬂ x] [cot x.cosx—sin xlogsin x]
LoXx

Solution: Let x -1
X+l

Put #=x" and  x¥ -1 weget ¥ T¥TY

dv du dv
dax dx o dx ... (1)
N OW 3= xx-:asx

logu=log ¥ xcosxlogx _

ldu d
——:—(xmﬁ_‘clﬂg x)
u dx
ldu d d d
——=—/x).cosxlogx+x—(cosx|log x+xcos x— (log x
—— =) g x+x—(cosx)log — (log x)
1 du . 1
——=1.costogx+:c[—51nx}Iﬂg:c+xc05.‘c—
u x
du :
—=1u (C{}le{}g x—xsin xlog x+ cos x:l
du ot :
—=x I:I:DS xlog x— xsin xlog x+ c05x]
& e T (2)
© +1
V=

Again ¥ -1
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N PP R
ﬁ_[‘x _1,]3[}: +1§]—[~x +1f]£[~x —l;l

dx (% -1)

v [:x: —1:] Ix—[:x: +1:] 2x

@ (2

@ (2
ﬁ_ —4x
dx [x: -1)

Put the values from (2) and (3) in (1),

'ﬂﬁ" XOEX : —4x
— =x""*"(cos xlog x— xsin xlog x +cos x|+ - —
o |x =1

) 1
11 (xxcosx)” +(xsin x)7

© o rein
Solution: Let ¥ =(¥e0sx) +{xsin)>
x .

Put u=(xcosx) and v={xsinx)  we g%t v=u+v
@ _du v
A dv dv ... . (1)
Now u=[xc05x:|x

logu =log (x cos x]r xlog I:xcai x:l —
logu = x[lﬂg x+log cos x]

ilc}g i =£ {x[lﬂg x+logcos x]}
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1 du 1 1
+

i dx X Ccosx

(—sin x]:|+ (log x+logcos x).1
—= u[l —xtan x+log( xcos x):l

= I:_‘ccos x]x [1—.‘ctanx+1c+g I:xcas.'c]:l

1

v={xsinx)?

Again

1 :
log v=log( xsin x)* zlog(xsm x) 3

log v=l[10g x+logsin x]
x

ilag v zi{é [log x+logsin x:l}

ldv 1)1 1 -
—— ==+ .COSX +[10gx+10g51nx)| Z

vdr x| x sinx

dv 1 ++:otx log ( xsin x)
x° x X

7 7

dv 111 cotx log(xsinx)
x x x

Put the values from (2) and (3) in (1)

: \ 1 1 ,
%:(IC{)SIT [l—xtan x+IUE(XCDSXJ:|+(x5iﬂXJE[ 11 +c0tx_ o8 I:x51ﬂx:l:|

x° x x‘

vﬂf_l.'
Find 4x in the following Exercise 12 to 15
12 x‘r +:_|.-'x =].

¥ X _
Solution: Given: © T¥ =1

g —_ u g
utv=L \where v=x" and V=1
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d d d
—u+—v=—1I1

dc dx i

du  dv

i B

& dx (1)
Now &=

logu =log x* = vlogx

d
—logu=—1/|vlog x
dx £ aixlz £ )
1 du d dy

v—logx+logx—

dx dx

i o

1 du 1 '
——=y—+logx—
u dx x dx

du [y dv)
—=u, —+log x_—J
de  \x dx

du (¥ @\ LY ay
—=x  —+tlogx— =x —+x logx —
\x ax) T x dx

& # v+ ¥ log x——
x dx

Again ¥~ v

log v=log y* = xlog

ilog V= i[xlog }']

1 dv d d
——=x—logyv+logyv—x
v ax dx

1 dv 1 dv

——=x——+logv1
v dx ¥V dx
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dv .’fxaﬁ.' 3

—=v ——+logy

d \ya )

dv [ xdv 1 L xdy
—=) ——+logy =y o= 4ylogy
dx v dx J v dx

_ — +1"logy

& - dx (3)

Put values from (2) and (3) in (1),

. . dv . dv
v+ log x.:i”x +17 x4+ v log y =0

'REL" f v v-1
a[‘x logx+ ™ 'c]— v—13'logy
dv —['xr_ll'— v* log 1."]
de log x+v* Ty
13. V' =x
;L,x =

Solution: Given:

x"l.' — :le
log x' =log 1"
vliegx=xlogy

i[}'l og x] = i I:xlcrg J.']

1 1 1 dy
v—+logx—=x— —+logy.l
x dx Vodx
( x | dy v
logx—— |—=logy—=
N y/)dx X

.’f}' log x—x | dv  xlogy—y

Loy Ja x
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dv _ V(xlogy—y)
dx x[}'lngx—x]
(cos x]‘r =(cos _}'Jx

14.

X

Solution: Given: (cos x)” =(cosy)

log [:I:Di x]‘r =log [:I:I:}i J.']

7

vlogcosx=xlogcosy

E(}'lag cos x) = i(xlng cos _:L'J

d 4y d d
v—Ilogcosx+logcosx— =x—logcos y+logcosv—x
dx dx  dx dx
1 4 ay d
h —cosx+logcosx—=x —cosyv+logcosy
cos x dx dx cosy
1 . by 1 (. dv)
v [—511:1 x] +logcosx—=x—— —sin y— | +logcos ¥
Cos X dx  cosyl, cirJ

ay ay
—vtanx+logcos x— =—xtan v.— +logcos y
dx dx

ay ay
xtan yv— +log coix.:;r =vtan x+logcosy

-ﬂLL-'
—”(xtan v+logcos x) = vtan x+logcos v

dv _ ytanx+logcosy

dx xtan y+log cosx

15 =€

y — ¥
Solution: Given: ¥ =F¢

log xy =loge™
log x+logy = (x—}'jlug ]

log x+log v= (x—}'j [ log e =1]
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—log x+—logv= —I:x—}']
1 lafL'_l_a‘L

x ydx dx

1 &y dy
Y

v dx dx x

= | =
—
et
I
f—t

-
+

e
—
|
—

Ys BlE e
bt

16. Find the derivative of the

£(1). function given by
F(2)=(1+x)(1+2) (14 ) (1) S () =(Lrx) (1) (14" ) (1)
hence
Solution: Given: . (1)

log f(x)=log(1+x]+log [:l+ x* ] +log [1 +x4:] +log [1 +x° ]

1 4 1 4 1 d.. . 1 d.. . 1 d. .
— ) ()t ——— (14— — (142 |+ —— — 1+
flx) dx 1+ x dx 1+ dx' fl+xt axt Dl x dxt :
1 1 1 1 3 1 7
— =)= A= - 2x+ Ar+—38
f[x]f[x l+x  1+x" * 1+x° - 1+ x° *

£1(x)=£(3) 1 2x 4 8" |

TNlex 1+ 1+x 15X |

Put the value of f(x) from (1),
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. e avie s 1 2x 04X 8x ]
f If_x]—[_l—x_‘_l[ll—x‘f][.l—x f]l_(.l—x 'J[l—x_l—x:_l—f_l—xgj

Now, Find for f(1):

1 2%l 4x® 8x17]
1+1 1«17 1+1% 1417

f'[1:|=[_1—1:||_“_1—13;][_1—14;][_1—13;][

1 2
(2o 1.2, 4.8
F1)=(2)(2)(2) |_____|L 37777

15
f'[lj:lﬁ[T}
=8x15
=120

. (P —5x+8) (X +Tx49) . .
17. Differentiate [~1 . ,] [~1 * ,] in three ways mentioned below:

(i) by using product rule.

(i) by expanding the product to obtain a single polynomial (iii) by
logarithmic differentiation.

Do they all give the same answer?

1 — F ’:_q . N j T : .
Solution: Let * [:" ~1+5,][~.x + x+9’]

(i) using product rule:

-

Y (o —5x+8) L (o 4T 20) (54 T+ 9) L (o —5x48)
‘ )= )+ )=l ,

% = =5x+8)(3% + 7]+ +Tx+9](2x-3)

ay 4 = 1 3 y 4 3 2

—= 3x* 470 1527 —35x+24x7 +56 + 2 —5x° +142° —35x+18x—45
D 50 _20xF +45x +11

ax

(i) Expand the product to obtain a single polynomial
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V= [Jx: —5x+8~] [ X +Tx+ EJ‘]

g

y=x +7x +9x? —5x" —35x" —45x+ 8x° + 56x+ 72

y=x —5x +15x —26x" +11x+ 72

&

=5x" —20x° +45x —52x+11

dx

(i) Logarithmic differentiation

ot

=(x" —5x+8)(x +7x+9)

log v=1log [_r: - Sx—S;] ~log ft’ - ?x—‘};]

d d : . d . .
—logyv=—log|x —5x+8|+—log|x +7x+9

dx = nﬂi.’f.' “[’. ,] sz gl( ,]

1 dy 1 d, . 1 d . s
——v=1——‘ _7."_'- —S -—— —._lI| -Fg'
v dx x‘—ix—Ecxr[ > ] f—?x—?aﬁc(— -~ ]
1 dy 1 1 2
e (2x-5)+————(3x°+7

v dx r—:’:x—s[ ‘ x"—?x—‘}l )

L 3 +7 |

de U x —5x+8 x +Tx+9

& [ 2x-5 3x' =7 1]

— =V 7 T3

de T | xT-5x+8 x +Tx+9]

@ | (x5 +7x9)+ (35 + 7)(x* —5x+8) |
a_ I\ ; JIF IR /|

g (2= 3x-8)(x +Tx+9) |

dv | 2t ia4xd 218 - 5 —35x—45+3x* —15%7 = 2457 £ Tx? —35x+ 56
dx (x*—5x+8|(x* +Tx =9

dy Sx* =20 + 45%2 ~ 5211 |

de 7| (Xt -5x+8|(F+Tx+9| J

fy —(x = 5x = 8)(x = Tx=9) Sx* —20x° +45x° —32x+11
- | =5 +8)(x = Tx=9)

B &

] [using value of y]
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=5x" —20x° +45x —52x+11

Therefore, the value of dy/dx is same obtained by three different methods.

18. If u, v and w are functions of x, then show that
d Peth) dv aw
—I:uﬂ»t] =—VvWtiu.—WwWtuv—
ax ax an ax
in two ways—first by repeated application of product rule, second by logarithmic
differentiation.

Solution: Given u, v and w are functions of x.
a . . du av W
—luvw)=—rwru—w+uv.—

To Prove: &x & 244 ax

Way 1. By repeated application of product rule L.H.S.

;: [H-V-WJ B %[ (uv) .‘-1-':|

d d,. .
uw—w=w—( uv|
dx -

aw |: a d ]
UW— =W U—VEV—u
ax dax ax

aw av du
w—_'_m'f’.—‘_ 1"‘""“ —
= & & &

dii dv aw
— VWt i — Wtiuv.—
= dx ax Fris

=R.H.S
Hence proved.

Way 2: By Logarithmic differentiation

Let ¥ =W

log y= lug[u_v_wj

log y=logu+logv+logw
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iln 1'—iln u—ilu v‘—ilu W
dx s ax £ dx £ dx £

Put y=uvw, we get

4 _|:1a‘u 1 dv 1.gru.-]
—(uvw)=uw| - — - — =

dx ' udt vdr wdx

d 1
—I:uvw]=—v.w+u—1¢+u1»—
dx

Hence proved.

Exercise 5.6 Page No: 181

If x and y are connected parametrically by the equations given in Exercise 1 to 10,
without eliminating the parameter, find dy/dx.
1 xX= Zarz=}':ar4

. 4
. . . — T 1 =l
Solution: Given functions are *= =% and -

ﬁ=i 2ar |
dr  dre .
ot dr >

= 2alr=4ar and

ﬁ:i[’mﬂ
dr dr-
D_aZL(e)
ot dr adsy =dar” =
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Now,

dv_dvidt 4daf

dx dxldt Aat

2 x=acos& yv=bhcos&

Solution: Given fun
ﬁ = i(acuﬁ 5‘)
df df
E =ai[c05 9]
g8 g8
ﬁ =—gsin &

and
i = —(EJ cos 5‘)
d &

ﬁ =h i[cui 9]
d8 g
ﬁ =—hsin&
a8
Now,

ctions are

dv _dvld8 —asinf b

dx dx/d8 —bsinf a

3 xX= sint,v=coslt

Solution: Given functions are *

! and
ﬁ =—sin IIE[IIJ
ot ot

WWW.edllgl'OOSS.COI[l

x=gcosd and yv=bcos#

o ‘= cos 2
=5l gpg YT eosst
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dv _dvidt —1sinlt —lx2lsintcost

- = = =—dsint
dx  dx'dt cost cost
x=4r=}'=;
4. 4
4
Solution: Given functions are x=4 and = ¢
E_9(4) 4Ly
df ot dt =
and
dy_d[4)
dr dr\t)
4444
fris _ dt

Now,
4
dv_dvlde 7 -1

E ol dt _T £

5 x=cosf—cos2f v=sin #—sin 28

. . . 4 - 9 ] — - |
Solution: Given functions are X=co0s&—cos28 gnq ¥ =sin&—sin 28

§=ic05§—i cos2&
d68 48
fris

L ing—(=sin26) 2 26
dé
& o 087 (-sin26)2

—=2s5in 28 —sin &

And
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ﬂ=i 1n9-isxn 28
dé dé ad

=c059—c0529i29
d
— =cos&—cos 26x2
dé

—y=c059—2cos29
dé

dy _dyl/dé _cosf—2coslf
Now @x dx/df 2sin2f—siné

=a[§—5in9]=}'=a(l+c05€j 6

Solution: Given functions are *=2(6—sin®) 4 ¥ =a(l+cos6)

£=ai[9—5in5]

d8 a8

=255
—H———sinf&

a6 a6 a&

e

% I:l 1:053]

& -aill-f-cos&)

dé dé

dy d d ]

7 -a[delllﬁ-ﬁcosec

ﬂ=a(0-sin9]

dé : '

— —agsiné&
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ﬂz dv/dé _ —asin 8 —sin @
de  dxldé a(l—cmﬁj 1—cosd —
-
2sin —cos—
2 2
. 1
2sin® —
- 2
g
cos—
2
. g
sin —
- 2
—cot—
= 2
sin” ¢ cos” ¢
r= y=
7 Jcos 2¢ Jcos 2t
sin” ¢ cos ¢

R V=
Solution: Given functions are veoslt gng cos 2t
d 3 3 : d 3
. nfeos2r.—(sin f)—sin” . — | +fcos 2z
ax _ dt [~ ) _dt [ )
dt [ ~fcos 2r | ’

[By quotient rule]

-1

~jcos 2t.3 sin” I%I:Eiﬂ f] —sin” £ % I:ccrsﬂf]T %I:CDE 2#]

i
= cos2t
5 51ﬂ3r
~foos 28 3sin” foost —————| —2 sin 2t
2fcos 2t I: J
- cos2f

3sin” fcostcos2i+sin’ fosin 2F

[ ] Fy]

(cos 2t)
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sin’ rcosz(3cos2z+2sin 7|

(coi 2:]3

ﬂ:‘:l.-'

r\fcoilr.difcos': f)—cos” r_dif.w..n'cnﬁh-]
&y _ F / i F y
dt ['\I'CDEEII]‘

And [By quotient rule]

nJCOos 2t 3cos” Ia’i I:C{}S III —cos” r_% I:ms 2:]_7 %[:C{}S 7:]
i

= cos 2t

Jcos 27 3cos? r(— sin rj - Lﬁ:r(—lsiﬂ 2:)
Zyfocos 2t

— cos 2t

—3cos” tsin focos 2+ cos fsin 2t

I:CGSEI:I%

—3cos” rsin feos 2r+cos”r.2sin foost

] FE]

(cos 2¢)

sinzcos’ #(2cos’ 1—3 cos 2z

I:CDS II:I%

sin £ OS> I[fE cos* I—3c052t~]

[ L

(cos 2¢)

sin” rcosz[?rcos £+ 2sin’ a.‘]
@ dvide -
dx  deldt (cos 2¢ )2

2 cos® f—3[2c05 I—l]:l

cost [
51an (1-2sin’ I]+"51n IJ
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CDSI[f3—4 cos rx]

sinz(3—4sin’¢)

—(4cos’ 1—3cost|

=  3sinr—4sin’ ¢

—cos 3t
————— =—cot 3¢
= sin 3¢
!f r“'l )
x=a cost+logtan— |,y =asint
8 2)
:" £
x=a, cost+logtan E} .
. . . 1 ] =
Solution: Given functions are . and ¥ =asin?
dx , F
—=g| —sinf+——.— t —J
ot ; rodrl, 1
2
, 1 2t 1
a| —sinf+ 580 — . —
r 22
tan —
= L 2
| Cos— 1 1
al—smnmr+—. —
. 2 2
sin— cos” —
al —sinr+
| T
2sin —cos—
- L 2 2
[ | 1
al—simni+——
- L sin ¢
B !"-l — H : I\-"l -5
. 1 ins a'l I Lepsls
= sin ¢ \ sinz .f'. sin it = =
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— =gacost

and dt
dv _dvidt  acost
dx dx!dt [ acosit)

!
N

sint J

sin ¢
=tant

= COsST?

9. x=gasecH, y=btan ¥

. . . = v=~hbtan &
Solution: Given functions are *=45¢¢% and !

—=gsecHtan &
de and

— =sec &

Now,

dv _dv/dé _ bsec’@
dv dx/df asecftan &

bhsect

= agtan &

5 1
cos &
sin &

a.
—  cosé&

b cosé

= cosf sin#

b

= asin &

—cosecd
= 4d
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x=a[cns§+5‘5in 5‘]=}'=a(5in 5‘—5::&55‘)

. . . X
Solution: Given functions are

ﬁ:41::(—5111 F+ Gcosf+sin E.l]
d8

— aflcos

and

% = a[casﬁ— {EI:—sin 19] +cos S.l}:l

a[c358+5‘5in 5‘—1:053]

— afsiné
dv dv/df afsinf
_r = = = EIIE"‘
dr dx/df afcosf
11.
ay _ =y
i . 'Icfﬂ !=_:L': fa-_aa != show that adx x -
Solution:
1
= a-st-:‘-: :[aa'r.'-:;I:
lai:'__":
a2
=and
pins
y=oJg® = (g™ H
ooty
— a?
Now,
ax —sinT .’fl -1

www.edugl'ooss.com

=a(c055‘+§5iﬂ5‘j an

d J.'=cz(sinf5‘—5‘cc+55'j

10.
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is'."‘: 1 1
a* loga—

= ziﬂl—I:

v icas."‘!

3 arl
—=a loga— —cos™t

And @t del 2 ),

=]

-

é-:as" 1- 1

a* -[laga—
= 2 1-7

Exercise 5.7 Page No: 183

Find the second order derivatives of the functions given in Exercises 1 to 10.

x* +3x42
y=x"+3x+2
1.

Solution: Let
First derivative:

£=2x+3x1+0=2x+3
dx

Second derivative:

2. FETRN
Y A ax1+40=2

@ dxl\dx)

Ay
2

2. *
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Solution: Let ¥=*"
Derivate y with respect to x, we get

D _ 0y
ax
Derivate dy/dx with respect to x, we get
2. PN
i‘ =£; % | =20x19x"* =380x"
\ax)
3. XCOs X
Solution: Let + = * %%~
ﬂll.'
— =X—CO05X+COoOSX—X
dx dx

— —Xsinx+rcosy
Now,

dy dia&) 4, . d
—=— —|= ——[{151nxj+—cosx
dx”  dx\ dx) ) dx

d . . d } .
— |l x—snx+s8inx—x |—sinx
dx fris

—I:xccrﬂx+5inx]—sinx

—X 008X —Sin x—sin x

—xcosx—2sinx

_ —|xcosx+2sinx
( )

4. log x

Solution: Let ¥ =logx
@y_1

dx  x

dy _d(1)_d

—X

& dilx) dx
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d’ . -
SR -
ax” ' x =
5 x'log x
v=2xlogx

Solution: Let -

' 3 a d 3
—=x —log x+log x— x
dx dx dx

x':.l+10gx[:3x::]
x

— x*+3x log x

Now,

d'v

—= d [:x: +3x log x]

a  dx
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ix: + ?ri[ax: log )
dx. dx \ A

. d d
2x+3 x*—logx+logx—x"
ax dx

2543 2 L+ (tog x) 2 |
_ x+ lxx ;+|: {}ng-x)
_ 2x+3[x+2x10gx)

_ 2x+3x+6xlog x

— Sx+6xlogx

_ x[5+ blog x]

6. € sinSx

Solution: Let ¥=¢ sin3x
a . d . . d .
— =g —sindSx+sinix—e
e e e

e* cosSx—Sx+sindxe’
= ax

=¢" cosSxx5+¢e"sinsx

e I:5 cosSx+sin ix)

Now,
dy .d , , d .
=& —(5cosSx+sin5x)+(5cosSx+sin Sx)—e”
dx” dx o “dhx

5[—5in x] =54+ [cnﬁixj KS} +[5 cosSx+sin Sx] e

]
——

e [—25 sin Sx+35cosSx+ScosSx+sin Sx]

e I:l[]ccri Sx—24sin Sx]
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26" [5 cosSx—12sin ix:I
7 &% cos3x

Solution: Let ¥ =€ cos3x

-QEL' B ﬂi‘ -ﬂr .
— =g —cosix+cosIx—e™
e
‘. d o &
e [—sin3x|—|(3x|+cos3xe —(bx
o (i3 (39 < (63
— ™ sin3xx3+cos3xe x6
_ g™ [—35in3x+5c055xj
Now,
dv .. d d s

=g x—(—?ﬁ-ﬁiﬂ 3x+ 6c053x]+f—351'ﬂ3x+ 54:053x]—e““
a ax

g™ I:—?r cos 3xx3—6sin 3x><3]+[—35in Ix+6 cnﬁ?rx] e %6
g™ [—9 cos3xy—18zsin3x—18sin3x+36 cuz?rxj

_ 9™ [3 cos3x—4sin 3x)

8. tan™" x

y -1
Solution: Let ¥=tn x
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[:1+ x::]x[[]—lx

(14227

—2x

_(1+4)

9, log I:lcrg x]
v=log I:lng x]

Solution: Let -
dy 1 4

1 1 1

lagx-x_xlugx —

d d
dy I:xlng x] o [l] _IEX' I:xlﬂg x]

=

—, dx’ (xlogx)

[xlc:g x]I:D]— [xilog x+log xé xj|

(xl{}g x):

[xl+lngx><1:|

X

I:xlcrg x]:

[1+10g x]
I:xlcrg x]:
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10. sin I:lcrg x]

Solution: Let }:Em[mg xj

% =cos [:lag x] é [:lng xj

ccr&lilcrg xj_—
= x

cai[lag x]

dly xa COs I:lcrg xj —Cos I:lcrg xj Ex

e x

x[—sin (lag x]] i (log xj —casflﬂg x) x1

= x

—xsin [lag x:ll—C{}E I:ll:}g x]
x

= X

—[Siﬂ I:lug x] -:—caﬁ I:log x]]

= x

11 If v=%cosx—3sin x, prove that

Solution: Let ¥ =>cosx—3sinx

— =—Ssinx—3cosx

Now,
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d*v ,
— =—Scosx+3sinx

_ —[5 cos x—3sin IJ -V [From (1)]

d'v
R | T )
12, 1f ¥ =05 X Fing dx in terms of ¥
v=cos" x alone.
Solution: Given:
OFX=COSY .......... (1)
d -1
dr  Nf1-o

1
= A1=e05" Y [Erom (1))

-1 |

_ \,;5:'111: v osiny

=—Cosec ¥V

Now,

dy d
—= ——[CDS ec J.']
dx” dx
QEI.'
—| —cosec yoot v—
- dx

_ cosec veot _:L'[:—CDEE‘.‘C J.']

—cosec’ Yoot ¥ [Erom (2)]
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v =3cos(log x)+4sin(log x). show

x:}': +ap +y=0.

Solution: Given function is
}'=3c05(10g x)+45in I:h:rg xj (1)

Derivate with respect to x, we get

% =1 =—3sin [log _'c] il og x+4cos [log xjilﬂg x

¥ =—3sin (log x]é+4 cos(log x)j—{

l [_3 sin |:1 og x) +4dcos I:lag x:l:l

= X
Ky =—3sin [lng x) +4 caﬁ[lug x)

Now, derivate above equation once again

é[:.‘ﬂlj =—3 cn&lilog x] il{}g x—4sin [lug x]é log x

xi[;‘lj +W ixz—?rcos (log x) é_df sin (log r]i
[3 coﬁ[log x]+4 sin [lug x]:l
Wyt ==

x

(o, +y )= —[3 cos(log x) +4sin(log xj]

x(y+1)=-¥ [using equation (1)]

This implies, * Y2 72173 =0

Hence proved.
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14, 1f Y =AeT B,

d'y '
———(m+n)—+my=0.
dx Tdx

show that

Solution:
d J:'I—[m+n)—"l+mn}'=[]
To Prove: dx

_:L'=AE' “ +Be (1)

E N A??TEM +B?’3€m (2)
Find the derivate of equation (2)

d'v
d  Ame™ m+Bne®n
= Am’e™ +Br'e™ | (3)

d’y ay
. —(m+n]—+mrzy

Now, L.H.S.= &

(Using equations (1), (2) and (3))

_ Am'e™ +Bn'e” —(m+n)Ame™ +Bne” +mn (Ae™ +Be™)

- Ame™ +Bu'e™ —Am'e™ —Brme™ + Amne™ —Bn'e™ + Amne™ + Brme™
=0
= R.H.S.

Hence proved.
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15. 1f ¥ =300e". show that
d*y

—J:=49:L'.

dx_..
Solution:

v=300e* +600e™ "

dy - -
— =500 (T )+600e" (=7
: e (7)+600e™"(-7)

‘;;; =500(7)e™ (7)-600(7)e™ (=)

_ 500(49)e” +600(49)e”

=>

d'y T -v
dj = 49[ 5002 (7) +600¢™ |

= 43¥ [Uing equation (1)]

d'y
@ = 4%

bl

Hence proved.
< /o) % show that

Solution: Given: o [XHJZI
1

Taking log on both the sides, we have
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loge' =log

x+1

vlioge=logl-log I:x+1)

v=—log I:x+ 1]

ﬂ: 1
So, dx”  (x+1)
ﬂ: 1
Now, L.H.S. = (x4
:’*@)Jz:’ = AN
AndRHS, = 18 ) (1)
LH.S. = R.H.S.

Hence proved.
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= [etﬂ.tl_l x‘]:

17.1f °

[§x: +1‘]: ¥, + Zx[?x: +1‘]_:L'1 =2

Solution: Given: +

. I ) _
1 = 2(tan lx]atan Px

»= 2[?tan'1x~]L,
and : 4+ x

Jtan " x
= 1+.‘J.’.':

So (14 v, =2tan” x

www.edugrooss.com

4 7 show that

the function.

Again differentiating both sides with respect to x.

[?1+x:~]£}'1+}'1£[’1+ =2

-

(142 )y, +3.2x= 5
: ‘ 1+x"

(1+x° ] v, + 20 (1+x7) =2

Hence proved.

Exercise 5.8

1. Verify Rolle’s theorem

Solution: Given function
is

1
1+

flx)=x +2x-8.xe[-42].
flx)=x"+2x-8 xe[-4.2]

r

'=(tan™ x|" Represent y: as first derivative and y» as second derivative of

Page No: 186
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(@) f(x) is a polynomial and polynomial function is always continuous. So, function is
continuous in [-4, 2].

Fi(x)=2x+2. f'(x)

5
exists in [_4='], so derivable.

(b)

All three conditions of Rolle’s theorem are satisfied.

(—4.2) =0

Therefore, there exists, at least one € < such that & (¢

Which implies, 2c +2=0o0rc =-1.

2. Examine if Rolles/ theorem is applicable to any of the following functions. Can you
say something about the converse of Rolle’s theorem from these examples:

£()=[] (o x<[59]
@)=l o, x<[-22]
flx)=x'-1 . xe[L2]

(i)

(if)

(iii)

Solution:

(i) Function is greatest integer function.

Given function is not differentiable and continuous Hence
Rolle’s theorem is not applicable here.

(i) Function is greatest integer function.
Given function is not differentiable and continuous. Hence
Rolle’s theorem is not applicable.
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iy 7 ()=x-1 = F(1)=(1)" -1=1-1=0
F(2)=(2) ~1=4-1=3 . f£(1)=f(2)

Rolle’s theorem is not applicable.

:{5—5_ EJ . . . .
3. If ﬁ 4 differentiable function and if f (x) does not vanish anywhere, then prove that
f(=5)=f(3).
Solution: As per Rolle’s theorem, if
/" is continuous is [a.2]
/" is derivable in [a.5]
fla)=f(2)
fl:f] =0.ce I:az.’:.l:l
(a)
(b)
(c)
Then,

It is given that /" is continuous and derivable, but f'(c)=0

= fla)=1(2)
= f(=5)=1(5)

4. Verify Mean Value Theorem if
flzxj =x"—4x-3

in the interval [ai’] wherea=1and b =4

Solution:
(a) f(x) is a polynomial.
So, function is continuous in [1, 4] as polynomial function is always continuous.

(b) f'(x] =2x—4 f'(x]

Both the conditions of the theorem are satisfied, so there exists, at least one €

exists in [1, 4], hence derivable.

= (1=4j such that
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f(4)-F() _
o )
—3—-(-6) es
3
1=2c—4

f[:.‘l.’:l =x =5 —3x
(L3}

Value Theorem if in the

where for which 7 1€)=0-

5. Verify Mean

interval [a.5] a=1 gnd =3 Find all

Solution:
(a) Function is a polynomial as polynomial function is always continuous.

So continuous in [1, 3]

F(x)=3x" =10 f'(x)

(b) 7 exists in [1, 3], hence derivable.
Conditions of MVT theorem are satisfied. So, there exists, at least one €= (LHJ such that
f3)-F01) _
o (€)
—21—-(-7 .
[ J =3¢ —10¢
2
—7=3c"—10¢
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AsS, f(lj = f@ , therefore the value of ¢ does not exist such that f(.:j: U.

6. Examine the applicability of Mean Value Theorem for all the three functions being
given below: [Note for students: Check exercise 2]

f ()=l 4y, x<[5.9]
()=l 4y, xe[-22]
flx)=x'-1 . xe[L2]
(i)

(if)

(iii)

Solution: According to Mean Value Theorem :

f:[cJ:b]—} R i
 if
(a.0)

For a function

(@) ! is continuous on
a, b)
(b) / is differentiable on

& (ab) file)=

Then there exist some © such that

7091 25591
e

. . . . =5 =
given function is not continuous at *=- and *=%-

Therefore, is not

£l

’J continuous at [5=9]_

7 &
Now let ™ be an integer such that 7 E[*g]

lim f(nth)— f () :1imwz i 11 -1
- LHL =Y h s 2 v i
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lim _ lim
And RHL. = h it P Puv

Since, L.H.L. # R.H.L.,

Therefore / is not differentiable at [5.9]-

Hence Mean Value Theorem is not applicable for this function.

(ii) f(x)=[x] for °° [-2.2]
7 ()

. . . _ =2 =1
Given function is not continuous at *~ < and *= =

Therefore, is not

/(=) continuous at [=22].
Now let 7 be an integer such that " e[-2.2]
PN Gt A D G ) O D o P, B
S LH.L ==Y h =0T h =0 ] Py
1im_JTC[V;JFV;,II_}CUIJ =1iﬂﬂ_[n+ﬁ?_[ﬁJ =lim =" =1im 0=0
And RH.L. = =* i Ll F P P

Since, L.H.L. # R.H.L.,

=7
Therefore 7 is not differentiable at[ '=']'

Hence Mean Value Theorem is not applicable for this function.

(iii) {Efj.f:‘izﬂl for *<[12]

Here, e is a polynomial function.
Therefore, 7 (%) is continuous and derivable on the real line.

Hence f(x) is continuous in the closed interval [1, 2] and derivable in open interval (1, 2).
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Therefore, both conditions of Mean Value Theorem are satisfied.

Now, From equation (1), we have

2e=
2-1

3
E=EEI:].=2:I

Therefore, Mean Value Theorem is verified.
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Miscellaneous Exercise Page No: 191

Differentiate with respect to x the functions in Exercises 1 to 11.
32 —9x+5)
2 | x+3)

=3 —0x+5)
Solution: Consider * (3x"—9x+5)
§=9[f3x: —9x+5~]5£[“3x3 —9x+5~]

nl o

[ i{f(xj}n =n{f (%)} Ef(xﬂ

v P LB

& _9(3x —9x+5) [3(2x)—9(1)+0
—=9(3x" =9x+5) [3(2x)-9(1) + 0]
D 27(32 —0x+5) [2x-3]

dx‘_ \ A

v 3 s
2. §nT X+ Cos X

Solution: Consider ¥ = 3" x+cos"x

I:sin xj +[c05 x]f

o

y =
ﬁ = 3[:5iﬂ x]: i sin x+6 I:ms:c:l-j icasx
dx dx

dx

&EI'I

a =3sin” xrcosx—Heos® xsin ¥

_ 3sinxcosx(sinx~2cos® x|

3 . (5 x:l:-:-:li iX

=V
S

Solution: Consider y=(5x]"
Taking log both the sides, we get

lug v =10g (ij_:-:aslx

log vy =3cos2xlog I:5x:|



www.edugrooss.com

EDUGROSS

WISDOMISING KNOWLEDGE

Derivate above function:

ilﬂg y=3 i {cas 2xlog [Sx]}

%% =3 _CDE Ixilog (ij +log [ij ic&ﬂx}

lﬂ =3| cos Ixiiixﬂﬂg [Sx) [— 5in lr) ilx:|

vdx | Sx dx dx

li =3| cos lxi.i—l sin 2xlog [:ij:|

yvde | Sx

ﬁ = 3}-{035 zx—lsin 2xlog [ij}

dx x

ﬁ =3 [ij'zmﬂx |:CG5 2x_ 2sin 2xlog I:szlj|

dx x (using value of y)

sin”!(xyfx).0 < x<1

vl J_
. . v=sinT | xafx |
Solution: Consider [ /!
3%
A |
s1in Ix* |

ory= N

4.

Apply derivation:
d'l.'

bt | e
(=1

|
"o
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cos”

| =

—2ax=2

=l

2x+

X
cos T =
-

J i —— . .
Solution: Consider ~ ~2x+7 Apply derivation:

2x+7 iccﬁ_l % —cos™" % iwﬂx+?

[Using Quotient Rule]

T 3

= T

I:lr+ ?)

2x+T+-{4—x cas'lg
T e (224 T)

B | &

2x+7+-J4—x cos™? g
JE—F (24 7)1
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| Afl+sin x+of1—sinx T 6.
cot : : Deaxeaz
N1+ sin x—+fl1—sin x 2
|-I-' B " '\‘I

-1 \.'r1+51ﬂx+\.'f1—51ﬂx | T

y=cot | «,."1 : ~,1J1 : Dex <=

. . o L 3

Solution: Consider \ Si S0 X

Reduce the functions into simplest form,

, X . X X x
Afl+siny =, lcos” —+sin” —+ 2sin —cos—
2 2 2 2

cos— +sin — | - [
| Cos —+sin —
_ v, 2 2) 7 =

, X L3 X X x
l—sinx =,lcos” —+sin” ——2sin —cos—
2 2 2 2

And

Now, we are available with the equation below:

- - - -

cos—-+sin —+ cos — —sin — |

_1 7 ) ¥
v=ucot = = 2 = |
COS——+ 58N ——COs—+ 8 — |
\ 2 2 2 29
-
[ x
Ecos—\}
-1 2
cot
. K|
- Zsin —
= b EJJI
af x|
1V =cot cot —
) 2."

|
|

Apply derivation:
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(log x)ng xel

1'—(10 x]ng x=1
Solution: Consider * ~ “°8 :

Taking log both sides:

log v =log [:lag x] o log xlog (lag x) _
Apply derivation:
i[lag J.'] = i[l og xlog [lag x] ]

TE =log xilug (log x)+log(log x) ilug x

——=logx
y dx :

i[l og x| +log(log x]l

log x x

i +10g [log x]

= X x
da I5f1+10g I:logx:I“‘_
a_ L X

= 1+log (log x) )
I:1 og ij'—“ —Dg{ GEXJ
- L X J
cos (@cos x+ bsin ] for some constants a and b.
v=cos(acosx+bsin x|

8.

Solution: Consider for some constants a and b.
Apply derivation:
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ﬁ=—sin (acosx+bsin x]i[acaﬁxhﬁ sin x)
dx b
dy . . :
E’:—sm (acosx+bsinx)(—asin x+bcosx]
dy . . .
E’ =—(—asinx+bcos x)sin (a cosx+bsin x)
dy . : :
— =(—asinx—bcos x)sin(acosx+bsinx)
ol

(sinx—cosx) e Tove 37T

s x—cosx

y= I:_f.in X—Cos x]

9.

Solution: Consider .. (i)
Apply log both sides:

log v =log I:Siﬂ x—cns.x] e

_ I:sin X—COos x)lcrg [51'11 X—COs x)

Apply derivation:

—log v =(sin x—cosx|—|(sin x—cosx|+log|sin x—cosx|—|(sin x—cosx
dx

lﬁ:[siﬂx—{'ﬂﬁx:l ! i[:ain x—casx]+10g[5inx—cnsx].[c05x+siﬂxj

Vv dx I:Siﬂx—casx) x

lay =(cosx+sin x)+(cosx+sinx|log(sinx—cosx]
v
dv : .
—— =(cos x+ sin x| [1+ log (sin x—cos x]:l
v

=v [cos x+sin x] [1 +log [siﬂ X—Cos x]:l

RS

- =I:5inx—c05x] e

I:cns x+sin x] [1 +log [siﬂx—casx):l

&
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10, ¥ TX +a +a% 151 some fixed a> 0 and x>0.

X x a
Solution: Consider ¥ =% T% ta’+a

Apply derivation:
dv d . d d . d ,
—=—x"+—x"+—a"+—a
dx dx dx

ixx+c1r“'1+axlnga+[]

=dc (i)
First term from equation (i) :

d, .
— (7| _ 3
dx' ' Consider &=

logu =logx®™ xlogx _

élag u =£[:xlag xj

1 du d

——=x—logx+log x— x
ude dx dx
1 du 1
——=x—+log x1
u dx x
— I+logx
This implies,
du

=u(l+1
e uI: r:rgx)

Substitute value of u back:

d .
—x =x(1+1
x|: r:rgx)

...(ii)

Using equation (ii) in (i), we have

%zf(l +1c+gx]ax’"'1+axloga
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3 (e3)” for x>3. -
Solution: Consider }'zxftg +(x_3jf x>fc3)f
p=x " and ""z(x_?'Jr Put

dy_du_ dv

dx dx dx ... (i)

Now z=x""

logu=log P [:x: _3:]10537 -
1 du

A d ;A -
- =|x —-3|—logx+logx—|x -3
. | deog g dr[\ J

(x* —3\]l+1{}g x(2x-0)
= T x
ldu x-3
1 dx x

+2xlogx

du  (x-3 )
‘ +2xlogx |

Again © 7 (x=3)°

log v=log (x—?r]
— x* log I:x—?r]

%% =x:§10g|:x—3j +10g[:x—3]§x:

_ x° ii[x—3]+lng|:x—3]2x
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ldv
= +2x] -3
vdx x—3 xag(x ]

g = v[ x‘3 +2xlog I:x—3]:|

r—

dv

= =(x-3)° [ "";3 +2xlog I:x—3]:|

x—_

Using equation (ii) and (iii) in eq. (i), we have

av a3 3\ 2| x
—=x  — - = 19 _
x > +2xlﬂng+[x 3) L{_ +2xlog(x 3]:|
av bra T
— L =10{t—sint)].—— =t=—.
12, Fing @ if ¥ =12(0=cost) o *=1OUSm

S
=12(1- — —ci
Solution: Given expressions are y=12(1-cos?) and ~ 0 (r=sinz)

£=12i[1—cnsx) =12[:D+5inr:l=12 sin ¢
ot dt
E=1[:I£I:1—|:t:+5r]
and at ar

dv _dvldt  12sint
de  deldt 10(1-cost)

, i
2sin —cos—
2

L | o

b
| St

Lh | o

&

13. Find a if J.':sin'l x+sintfl-x —1=x<l

T . 1 fi 3
Solution: Given expression is ¥ =i~ x+sin™ yl-x
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Apply derivation:

|&

w

- 1 1 1
—— e (-2
dx afl-  J1-1+57 zmh—xf[ ")

1 . 1 —x |
— \u'(l—x: ’*fF:-.\_"\(l_.T: J
Which implies:
dy 1 X

= Al-x Wfl-x -

Therefore, dy/dx =0
14.

X 1+J.'+J.'«\,-'1+.T=El=f —lex<l
or ;
a4 -l
(1+x)°

ar

ax
[fProve that

a1+ v +vafl4+x=0

Solution: Given expression is -

X1+ v =—vafl +x

Squaring both sides:
X I:1+J.'] = _:L': I:1+_T]

X+xy=y +yx
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-X

1=

= _1+x
Apply derivation:
d d
& (1+x]ax—x£(l+x]

dx (1+2x)°

I:1+x].1—x.1
(1+x)°

_ 1
_ (1+x)

Hence Proved.

15.

[ (& F
i+ —|
|_ \Lax)
d’y
if e for some ¢>0, prove that

is a constant independent of aand b.
Solution: Given expression is (x—a) +(y=b)=c" (1)
Apply derivation:

2[x—a]+2|:}'—5:|%=0

Yxea)=—2(v—5)2
_[:x a]— 2[:} EJ:IE
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ch _ ;x—aﬁ'.
d \y-b) . @)
& _[(}-—5)1—@:—@;}
Again ‘ (v=8)

—[v— —|x—a _f—[:x—ap
a’:}: [[ 5)-1~( j';k v—b _J:|
dx’ (y=8) [Using equation (2)]

.’f[:x—ajld\":|

—[v=>5 | |
ar"L_ [I: J+‘.1_ yv—b J
@ (v=)°

dy d'y

Put values of €* and 4% in the given, we get

(Y :
145

d*v
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= (v-2) - —c= = (Constant value)
Which is a constant and is independent of a and b.
av cos’ I:a +J.']

prove that @x sing
with cosy =xcos(a+y)

cosy=xcos(a+y -
16. If ] [ ] J cosag =Tl

Solution: Given expression is
cos Vv

r=—

cos [:a+3.']

Apply derivative w.r.t. y

dx df cos Vv

E B El.kcos [a+}'JJ

cos I:cz+ _:L':I %cus Vv —cos 1% cos I:a+ ;L']

cos” I:c;f+ J.'j

cos I:a+ J.'] I:—sin J.'] —cos }'{—5:'11: I:a+}'}}

ax
ﬂilrl
a
ay B cos’ [a+ _:L'J

—cos(a+y)sin y+sin{a+y)cosy

CDS:[:H+_:L'J

dex _sin(a+y-y)
- dyv  cos” (a+ J.’)
SiM o7
- cos’ I:a+}']
dav _ cos’ [:a+;|.']
=> dx sina [Take reciprocal]

dly
1’=H[CUSI+ISinIJ and _:L'=cI|:SiIl I—ICDSIL find E

17.1f
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] ] ) x=a[cnsx+x5inxj }'=a[5inx—xcusx)
Solution: Given expressions are and

x:a(caﬁr+r5inrj

Differentiating both sides w.r.t. t

& [ . d .0
—=a, —sinf+—zsint
dr \ dt
[ . d . . d )
—:a|—51ﬂr+r—51nr+51nr—r
de dt dt )
f7is . .
—=a[i—51nt+tu:05t+51nt)
ot
—=gqfcost
= gt
And:

hY :a[sin I—Icn&:)
Differentiating both sides w.r.t. t

@ [ d )

— = aj COSf——7COST |
\ dt

& [ d )
—”:al' cosr—| r—m5r+cosr—rJ |I
dr |\ | dt dr )

a_ r—(—rsinr+ r
a’; {I[C{}S [ =4 il | COos J]

dv dv/dt atsint sint
= = = =tant

Now &x dx/'dtr atcost cost

| L4
I
I
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p . dt 1
sec” i — sec’ f
= ax arcost =

, sect sec't
e f—=
= ar at

18. If f[IJ:|J‘1-= show ! [lj exists for all real x and find it.
that {f: if x=20

[—JL] if  x<0

Solution: Given expression is
Step 1: when x < 0 f(X)

= -x"3

Differentiate w.r.t. to x, f(x)
=-3x"2

Differentiate w.r.t. to X,

f’(x) = -6x, exist for all values of x < 0.
Step 2: When x = 0 f(x) = x"3
Differentiate w.r.t. to x, f'(x) = 3x"2
Differentiate w.r.t. to x, f’(x) = 6x,
exist for all values of x > 0.

Step 3: Whenx =0

o LO-FO+h) . FOHR)—F(0) _
I L I AL

[3. if x=0
Flx)= [=3 i x<0
Now, Check differentiability at x = 0

L.H.D.atx=0
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lim [ 1(0)—f1(0+h)

h—0— h
L _al_p)2
= lim 3(0)—(-3(-h)?)
h—0~ h
h—0— h
Ash =0,

And R.H.D.atx=0
__ f'(0+h)—£'(0)
lim

h—0+ h

lim fr(h)—rr1(0)

h—0t h

_ 3(h)%-3(0)?
h—o0t h

= lim

n-0+t3h =0 (at h = 0)
Again L.H.D. at *=0 =R.H.D. atx = 0.
This implies, f’(x) exists and differentiable at all real values of x.
2 =™

19. Using mathematical induction, prove that @x for all positive integers n.
Solution: Consider p(n) be the given statement.

1

2= ()

-

1

Step 1: Resultistrue atn =1

p()=2 ()20 oy _

d
—IZ‘J =1
which is true as <x

Step 2: Suppose pim) is true.
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Step 3: Prove that result is true for n = m+1.

p[m+1] _I[ e 1]—I:m+1] il

o1 .
¥ =

el " d o
—_.T‘1=f[.'l.:l"]
ax ax ’

e d
L
= dx adx

w4+ 1" [ 1]

Therefore, 4 =3 (m +H)

I:m+1] K" =(m+1] X"
(m+1)™

p(m+1)

Therefore, is true if pim) is true but p(lj is true.

Thus, by Principal of Induction p(n) is true for all n € N.

sifl [A + B] =sinAcosB+ cosAsinB

20. Using the fact that and the differentiation,

obtain the sum formula for cosines.

Solution: Given expression is Sin (A7 B) =sin A cosB + cosA sinB

Consider A and B as function of t and differentiating both sides w.r.t. x,

" dA aB f dA aB dA
CGS[A+B] —+— l'—51n ﬂx[ sin B]—+cnsB cos ﬂL— +cosAcosB— +5inB|:—5in A]—
\ dt o dt ) dt L dr ] dt dt

FdA dB (dA  aB

cos{A+B) —+— |=(cosAcosB-sinAsinB) —+— |

= \dt dt) Ldr dt)

—., €Os [A + BJ = [CDS:':'L cos B —sin A sin B]

21. Does there exist a function which is continuous everywhere but not
differentiable at exactly two points?
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Solution: Consider us consider the function f[x]=|x|+|x—1|
f is continuous everywhere but it is not differentiable at x =0 and x = 1.

flx) eglx) h(x)
v=| [

m fis
b c
22. If prove that
E) gx) H(x)
d—L.
E”= { m n
a b

Solution: Given expression is

=) glx) hlx)

v=| 1 m n
a b £
Apply derivative:
d d d
£y £ 2l .
T ZE@ s e k) e 2@ A
m.
E”: m b +| 0 0 0 |+v=|1 m M
a b a b c 0 0 0
1 1 1
f(x) e(x) B(x)
{ m o}
_| a b c
1) By
23. If show that Tdxt dx y=e oo Lmiex=L
Solution: Given y=e"" 7 expression is
-ﬂfL' gty d -1
— =g . —dCcos X
& fri's
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P G
g.‘.’!t‘t‘ﬁ- ,\..a' = I
= L 1—x° _»"r
_{J:L'
= l_x
This implies,
(@) _ay
Lax) 1-x°
¢ g

[1 x‘] _J =ay’

Differentiating both sides with respect to x, we have

(1- x‘]li_ﬂ DY (2x)=24y 2
dx dx ax

(1- ]ahl —Exﬂ al

: d” dx

(1- ]ﬂ—lxﬂ—al—ﬂl

: dx” dx

Hence Proved.



